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This document is meant to support the Neograd paper [Zimmer, |2020] by giving the
step-by-step calculation of p for the three intro examples (quadratic, quartic, ellipse). In
all the cases, gradient descent (GD) is used as the update scheme. Also, in the quadratic
and quartic cases, the parameter 6 is allowed to be n-dimensional; for the ellipse, it is
2-dimensional.

1 Quadratic cost function
In this case the cost function is f = c@?2. For basic GD, with o, ¢ > 0,

df = —aV f = —a(2c0)
fola = c6”
frew = c(0+ d0)2
fest = fora + V- dO = cO® +2c0 - dO

1.1 Computing p

Here we have

p= fne’w B fest
fold - fest
| e(0 + dB)* — (cB? + 2cB - db)
B c0? — (02 + 2¢0 - dO) ‘

| c(d6)? ‘

—2c0 - do
c(—2ach)?
—2c0 - (—2ach) ’
4a2c30?
4dac?6?

= acC




where in the final line use was made of the requirement that both «, c are greater than 0.
Also, this is the first example of a formula for determining « as a function of p:

a=p/ec

2 Quartic cost function

In this case the cost function is f = c8* = ¢(0 - ). For basic GD, with a, ¢ > 0,
df = —aV f = —a(4c(6 - 0)0) = —4ach?0
Jola = c6
frew = c(0 + d6)*
fest = fora + Vf-dO = c0* + (4c0°6) - dO

2.1 Computing p

Substituting in for these quantities, p can be computed as

Jrew = fest
fotd — fest
| e(0 + dB)* — [cO* + 4c626 - d6)
| 6t — [0 + 4c6%6 - dO) ‘
_|(0+dB)* —[0* + 4626 - d6]
—10%0 - d6 ‘

p:

where
(0 +dB)* = {67 + 20 - dO + (d6)*}?
={6% +20 - (—4ach%0) + (—4ach?0)*}?
= {6? — 8ac(0?)? + (4ac)?(0?)3)?
= 0*{1 — 8ach? + (4ac)?(6%)?}?
=0*1 -2z + 272
=0*1(1 — 22 4 2°) — 22(1 — 22 4 2?) + 2%(1 — 2z + 2?)]
=01 — 2z 4 2% — 2z + 42 — 2% + 2% — 223 + 2]
= 0*1 — 4o + 622 — 423 + 2]
where 2 = 4acO?. Likewise,
0* + 46%0 - d0 = 0* + 40°0 - (—4a.c60)
= 0* — 16ac(0?)?
= 0*[1 — 16a.c6?]
= 0'(1 — 4x)



Also,

—46°0 - d0 = —46°0 - (—40c6°0)

= 16ac(6%)?

= 4(40c6%)6"

= 4260*

It follows that
numerator = 6*[1 — 4z + 62 — 42% + 2*] — 0*(1 — 4x)
= 0'[622 — 42° + 2]
denominator = 6*[4x]

Reassembling...

04622 — 423 + 4
64[4x]

6z — 42% + 23
4

p:

Define « = 4gq, so that ¢ = ac6?.
6 — da? + 2® = 24q — 43¢® + 43¢
= 4(6q — 16¢* + 16¢°)
and finally
p = |6q — 16> + 16¢° |
Note that for small ¢, p

p ~ 6g = 6ach?
a =~ p/(6c0?)

3 Ellipse cost function
In this case there is a 2-dimensional parameter: 8 = (61, 62)

01 63
I=2*%

d0 = —aVf=—a (291 202)

a?’ b?



fold:f( )
2
%

fnew = f(9+d9>

1 2a0 1 2a0
:a2<91 a21> B (92 b22>
1 2a0 206 206 200
= [92 20, L a;)?} 5 [92 2027 =+ b;)?
406? 4a20f 4063 40203
= fold — o + I + b6
fest:fold+vf'd0

201 20, 201 20,

= foua — 22 2
402 4603
- fold 4 an

Also, define this

07 | 03

Now can start putting the pieces together...

40%0? 40202

fnew - fest = 7 b6
492 492
fold fest a— b4
p may be expressed as
p= fnew - fest
fold - fest
~ |40%Qs
| 40Q,
o9
“0

The absolute values can be removed since all the quantities in this expression are positive.
This expression easily allows for the inversion:

Q4
Qs

This means that once a decision is made for the target value of p, o can be determined.

a_
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